We obtain general expressions for the residual density of states, electrical conductivity and thermal conductivity for non-unitary superconductors due to impurity scattering. We apply the results to the so-called 'B phase' of PrOs4Sb12, which we describe using a non-unitary gap function derived from symmetry considerations. The conductivity tensor has inequivalent diagonal components due to off-axis nodal positions which may be detectable in experiments.
Low temperature transport is an effective probe for the symmetry of the gap function. 10, 11, 32, 33, 34 Impurities induce and scatter quasiparticles at the nodes and the conductance remains finite even in the limit of zero frequency and temperature. Usually, two limiting cases of impurity scattering are considered, the "Born limit" (weak scattering) and the "unitary limit" (strong scattering). The unitary limit is associated with non-magnetic substitutions of magnetic ions in heavy fermion superconductors. 35, 36, 37, 38 The self-energy due to isotropic impurity scattering is obtained from the Tmatrix, 35, 38 Σ(k, ω) = (n i /πN n )T (k, k, ω), where n i is the impurity concentration, N n is the density of states in the normal state, and the T-matrix is the self-consistent solution to T (ω) = V + V G 0 (ω)T (ω), where V is the impurity potential, G 0 (ω) = (1/πN n ) k G(k, ω) and G(k, ω) is the electronic Green's function in the superconducting state. The self-energy is then Σ(ω) = (n i /πN n )G 0 (ω)/[c 2 − G 2 0 (ω)], where c is related to the phase shift, c = cot δ 0 . In unitary limit c → 0, while c → ∞ in the Born limit. The main result of this approach is a renormalisation of the frequency ω → ω − iΓ(ω) due to impurity scattering. We will use this result to find impurity induced residual density of states and transport coefficients.
The outline of this paper is as follows: in Sec. II we define the gap function, the mean field Green's functions and spectral functions. In Secs. III, IV and V we derive general expressions for the impurity induced quasiparticle density of states, the electrical conductivity and the thermal conductivity in a nonunitary superconducting state. In Sec. VI we apply our results to the nonunitary B phase in PrOs 4 Sb 12 , and we summarise our results in Sec. VII.
II. MEAN FIELD RESULTS
In the following we state the main results of the mean field treatment of an effective pairing Hamiltonian (see Ref. 39 
for details).
The gap function is a 2 × 2 matrix in pseudospin space. For triplet pairing it can be parametrised in terms of an odd pseudovectorial function d(k) as
(1) When ∆ k ∆ † k is proportional to the unit matrix, the pairing is said to be "unitary". Non-unitary pairing occurs only in the triplet channel and only when q k ≡ id k ×d * k = 0. Non-unitary states necessarily have broken time reversal symmetry. However, note that, for example, pairing of the form d k = (k x + ik y )ẑ (proposed for Sr 2 RuO 4 ) breaks time reversal symmetry but is unitary. The quasiparticle energies are
where
Thus, non-unitary pairing lifts the gap degeneracy.
For triplet pairing, the normal and anomalous quasiparticle Green's functions are 39, 40 
It is useful to expand these expressions as
are the extended coherence factors for this particular state. Note that the following identity has been used in deriving the above expressions
The self-energy can be included by replacing iω n with iω n − Σ(iω n ). The retarded self-energy is Σ ret (ω) = Σ(iω n → ω + iδ) = −iΓ(ω) where the real part is assumed to be frequency independent and absorbed in the chemical potential.
The spectral function A G (k, ω) (and similarly
Usually, the spectral function is just
, but in this case, because the Green's function has a complex numerator, the spectral function must be extracted more carefully. Using (6) and (7), one finds
with the spectral functions in hand, we can proceed to calculate the density of states and the transport coefficients.
III. DENSITY OF STATES
The quasiparticles density of states can be defined in terms of the spectral function as
using (11) we find the general expression for the density of states in a nonunitary superconductor,
in the absence of impurities. For small ω, in the vicinity of the gap node, we have v k± ≈ 0, u k± ≈ 1, and (14) is reduced to
When the impurities are included the density of states becomes
It is clear from (16) that the residual density of states depends on the impurity concentration through the selfenergy Γ(0).
IV. ELECTRICAL CONDUCTIVITY
The DC electrical conductivity is defined by the Kubo formula
is the current-current correlation function. The electrical current is defined by
The current-current correlation function is therefore
. (20) The conductivity vanishes when the self-energy is absent, and the contribution from the anomalous part vanishes even when the self-energy is included. In the limit q → 0 the correlation function is
To evaluate this correlation function we follow the approach of Refs. 41 and 11 and rewrite the Green's function in terms of the spectral function (11) and sum over Matsubara frequencies. This eventually leads to
Then the DC electrical conductivity (17) is
In the limit T → 0 we have −
, and the conductivity is
Using (11) we finally obtain the conductivity for a nonunitary superconductor,
V. THERMAL CONDUCTIVITY
The DC thermal conductivity is defined by the Kubo formula
The heat current can be written in second quantization form as
This form is similar to (4.17) in Ref. [11] except that we have neglected the term proportional to the gap velocity, which we assume to be much smaller than the Fermi velocity. The current-current correlation function is then
As in the electrical conductivity, the anomalous part does not contribute to the thermal conductivity. Finally, the correlation function is expressed in terms of the spectral function as
Substituting this into the Kubo formula (26) and evaluating in the limit Ω → 0 and T → 0, we find
Comparing (24) and (30) we can see that the Wiedemann-Franz law
3e 2 is satisfied. Explicitly, the thermal conductivity is
VI. APPLICATION TO PrOs4Sb12
As discussed in the Introduction, we assume that the gap function for the A phase is
where a and b are undetermined constants, while for the B phase it has the form
which is non-degenerate. 31 The gap function in the A phase is unitary and has two cusp point nodes in the [00±1] directions. The lower branch of the B phase gap function has four point nodes which are in the k y = 0 plane at the positions
2 ; else they are in the k z = 0 plane. We will assume the former in our calculations. Since we are interested in the very low temperature regime, we will consider only the B phase.
The gap function of the B phase in the vicinity of nodes can be linearised as
k || and k ⊥ (used below) are momenta parallel and perpendicular to the Fermi surface at the node. The upper branch, which is degenerate with the lower branch on the line k x = 0 between each pair of nodes, is properly included with this linearisation of the gap function. Therefore, we relabel the two branches of the gap function as shown in Fig. 1 . Thus for any function we have
Each branch 1 and 2 has two cusp point nodes and the contribution to the excitation spectrum from each branch is equal. With this picture in mind, we now calculate the density of states and the transport coefficients. 
A. Density of states
The density of states was calculated previously in Ref. 31 in the absence of impurities; here we will include the effect of impurities starting from (16) . Linearising the gap function as described above, we find
where there is a factor of 2 because there are two branches of the gap function and the sum is over the two nodes in each branch. To perform the integration we change variables to
and introduce a cutoff p 0 . Performing the integration we arrive at the result
Setting Γ(ω) = 0 we obtain our previous result
which has a quadratic dependence on frequency as expected for point nodes. In the limit ω → 0 (39) becomes
(41) This is the zero energy density of states induced by impurities. The cut-off is normally taken to be the size of the Brillouin zone 11 but it may be more physical to use the reciprocal of the range of the single impurity potential,
In terms of the ratio (p 0 /Γ 0 ) the two limits are
In the unitary limit the density of states is
where u refers to unitary scattering. If Γ c is the critical scattering rate at which the superconductor becomes normal at the node, then we can write (44) as
In the Born limit, the density of states vanishes as Γ 2 0 . The presence of residual density of states, in general, gives a contribution linear in temperature to the specific heat and the nuclear spin relaxation rate at low temperature. The prefactor dependence on impurity doping may be helpful in identifying the symmetry of the order parameter. The specific heat is
At low temperature this yields
and the nuclear spin relaxation rate is
B. Electrical and thermal conductivities
Beginning with (25) and making use of (36), we divide the integration into four parts, each centred about one node in the gap function. The factor v F v F is evaluated at each node; the sum over nodes yields
The remaining integration is the same for each part. Performing the same change of variables as in the density of states calculation, we find
and completing the integration we get
This is the impurity induced DC electrical conductivity for the B phase of PrOs 4 Sb 12 . The thermal conductivity can be easily obtained by using the Wiedemann-Franz law. In the unitary limit ( p0 Γ0 ≫ 1), the term which includes tan −1 p0 Γ0 = π 2 will dominate, the conductivities become
(53) Thus the conductivities in the B phase of PrOs 4 Sb 12 are non-universal (dependent on impurity concentration) for unitary scattering but vanish in the Born limit. The conductivity tensor has two inequivalent components, σ xx and σ zz due to the off-axis nodal positions and the choice of a particular domain of superconducting phase. This domain is represented by order parameter components (0, i|η 2 |, |η 1 |). If all six domains are present then all diagonal components of the conductivity tensor will be equal. The σ xx component is proportional to the parameter |η 2 | which is absent in the unitary A phase. Therefore, measurement of residual conductivities in a domain-pinned set-up, such as the one used in directional dependent thermal conductivity measurements 14 could determine the direction of nodes. Of all the possible SC states in tetrahedral systems, D 2 (E), with OP components (0, i|η 2 |, |η 1 |), is the only one with off-axis nodes.
30,31

C. Discussion
There have been several studies on Ru and La doped samples, 6, 17, 42, 43, 44 with the surprising result that Ru substitution leads to a doping-dependent residual density of states and resistivity, 17, 42 while La substitution does not. 6 In PrOs 4 Sb 12 , it is speculated that quadrupolar fluctuations of the Pr ions play a role similar to the magnetic fluctuations of Ce and U ions in other heavy fermion superconductors, thus substitution of the Pr ions by La would be expected to produce unitary scatterers. However, in contrast to Eq. 48, there is no dependence on doping on NQR relaxation rate beyond the La concentration x = 0.05.
Both Pr 1−x La x Os 4 Sb 12 and Pr(Os 1−x Ru x ) 4 Sb 12 are superconducting for the entire range of x, and both become s-wave superconductors at some intermediate value of x. In the Ru doped series, T c has a minimum at x = 0.6, with a leveling off of the specific heat at the same value. This suggests that a phase transition between triplet and singlet superconductivity occurs at x ≈ 0.6, with possibly a region of co-existence of these two phases. 45 A 0.4% change in lattice constant occurs between PrOs 4 Sb 12 and PrRu 4 Sb 12 , 42 and effects due to quadrupolar fluctuations appear to be absent in PrRu 4 Sb 12 . In the La doped series, T c decreases linearly along the entire range of x, while the specific heat levels off at x ≈ 0.3.
According to (44) and (52), the dependence of the residual density of states and resistivity on Ru doping suggests that the scattering from Ru ions is unitary. Unitary scattering due to the substitution of Os by Ru may be explained by noting that quadrupolar fluctuations of the Pr ions are charge density fluctuations and will couple to, and possibly be enhanced by, quadrupolar lattice vibration modes. The change in lattice constant that accompanies Ru doping will alter the quadrupole moment of those modes. In addition, Ru substitution has a strong effect on the low-lying crystal electric field (CEF) levels of the Pr ions which eventually removes quadrupole fluctuations. 44 La substitution produces a much smaller change in lattice constant and has a much weaker effect on the Pr CEF levels. Nevertheless, it is still difficult to explain why there is no dependence at all on the La concentration.
VII. SUMMARY AND CONCLUSIONS
It is evident from (16), (25) and (31) that the main effect of a non-unitary superconducting state is a lifting of the gap degeneracy, and that this would be observed as multi-gap behaviour similar to what could be expected for multi-band superconductivity. There are, however, some differences which we outline here. We base the following discussion on the unitary state D 2 (C 2 ) × K and the non-unitary state D 2 (E), with order parameter components (0, 0, |η 1 |) and (0, i|η 2 |, |η 1 |) respectively. There are many other states, but all the rest are either nodeless, or else they have a C 3 symmetry element which has been positively ruled out by experiment.
16
In a multi-band superconductor with a single T c the symmetry of the superconducting order parameter should either be the same on both bands, or possibly, superconductivity on one band is a secondary order parameter to superconductivity on the other. The alternative, which is the simultaneous appearance of two different order parameters, would be unprecedented. This means that the symmetries of superconducting states on the different bands should either be the same, or have a groupsubgroup relation. For example, in MgB 2 , the archetypal multi-band superconductor, s-wave superconductivity is observed as a full gap for both bands. The best candidates for nodal superconductivity in the triplet channel in PrOs 4 Sb 12 are the unitary state D 2 (C 2 ) × K and the non-unitary state D 2 (E), and neither of these has secondary order parameters.
30 Therefore multi-band superconductivity entails nodes at the same places for both gaps, unless that part of the Fermi surface is missing. On the other hand, the non-unitary superconducting state has nodes in the lower branch and a fully gapped upper branch. This difference may help to distinguish these two possibilities.
To summarise, we have found general expressions for the residual density of states and electrical and thermal conductivities due to impurity scattering, and we have applied the results to the non-unitary B phase of PrOs 4 Sb 12 . The nodal positions of the non-unitary state D 2 (E) are unique among all the superconducting states for crystals with tetrahedral symmetry, 30, 31 in that they are not found on a symmetry axis. Inequivalent diagonal components of the conductivity tensor would be an unmistakable signature of such a state.
